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Electrical Aspects of Adsorbing Colloid Flotation. 
111. Excluded Volume Effects 

JOHN W. WILSON and DAVID J. WILSON 
DEPARTMENT OF CHEMISTRY 
VANDERBlLT UNIVERSITY 
NASHVILLE, TENNESSEE 37235 

Abstract 

The separation rates of precipitate flotation separations are calculated from a 
simple model and a more exact model based upon the Gouy-Chapman ap- 
proach. The finite volume of the floc particles is taken into account, and the 
dependence of separation rates on ionic strength surface potential, charge of 
floc particles, and concentration of floc particles is determined. 

INTRODUCTION 

Most precipitate flotation and adsorbing colloid flotation processes 
depend upon electrical interactions between the surfactant film and the 
(charged) particles of precipitate being removed (I, 2). The adverse effect 
of increased ionic strength on these separations has been noted by a 
number of workers ( 3 4 ,  and was attributed by Sheiham and Pinfold (3) 
to the effect of the ionic atmospheres of the film and particles in weakening 
the attractive forces. JomC and Rubin (7) used the Gouy-Chapman theory 
of the electrical double layer to explain the effects of ionic size and charge 
on the selectivity of foam fractionation. We used this model, following the 
approach of Verwey and Overbeek (8), to calculate the free energy of 
attraction between precipitate particles and charged surfactant films (9) 
and to investigate the kinetic and equilibrium factors affecting the rate of 
precipitate flotation (10). We here extend this approach to take into ac- 
count the finite volume of the precipitate particles; we relax the require- 
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90 WILSON AND WILSON 

ment implicit in our earlier analysis that the concentration of colloidal 
particles be extremely low. This extension was suggested by our observa- 
tion, obvious even to the naked eye; that in the flotation of Fe(OH), or 
AKOH), with sodium lauryl sulfate the surface films are frequently quite 
densely covered with the precipitate. We outline first a simple approach 
which is also applicable (at least semiquantitatively) to flotation not 
involving electrical forces; we then present a more elaborate and precise 
attack on the problem of the flotation of precipitates in which the forces 
are electrical. We assume the Occurrence of local equilibrium between 
surface and adjacent liquid, as supported by our earlier work (10). 

SIMPLE MODEL 

Here we analyze a simple model for the adherence of colloidal particles 
to a surface film. We assume that the interaction potential of a floc particle 
is given by 

where M is a positive integer and (I is equal to a mean length of a floc 
particle. Thus a particle may be regarded as bound to the surface if it is 
within a distance Mu of the surface. We take a square of area a’ on the 
surface and partition the volume of liquid to its right (see Fig. 1) into cubes 
of volume a3;  each one of these cubes can contain a maximum of one floc 

FIG. 1. (a) Potential energy of a Roc particle as a function of distance from the 
surface in the simple model. (b) Partitioning of the liquid volume in the vicinity 

of the surface into cells. 
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ELECTRICAL ASPECTS. 111 91 

particle. Let us assume that in a volume of Nu3 of solution we have s floc 
particles. We wish to calculate the average number of these particks which 
are bound to the surface; this is done as follows. 

Given s particles and N compartments, M of which are in the bound 
region, the number of ways in which the particles can be distributed such 
that M - j of them are bound and s - M + j are free is given by 

( N  - M ) ! M !  
(S - M + j ) ! ( N  - s - j ) ! ( M  - j ) ! j !  

Each of these states of the system has a potential energy - Vo(M - j ) .  The 
partition function of the system is therefore given by 

(2) 
immr ( N  - M ) ! M !  exp[(M - j )VOj l ]  

( m M , N , s ,  = c 
j = j & ( s  - M + j ) ! ( N  - s - J ) ! ( M  - j ) ! J !  

j,,, = min(M, N - s), 
jmin = max(0, M - s), 

p = ljkT 

Now we wish to calculate ii,(N, s, M ,  b), the average number of bound 
particles. Evidently E = - i ? b v O ,  where E is the average potential energy 
of the system. Generally, 

so 

and we finally have 

nb - = jy I" - M ) ! M ! ( M  - j )  exp[(M - j)vOjl] 
j X J , ,  in (s - M + j ) ! ( N  - s - j ) ! j ! ( M  - j ) !  

[ ,Jr { (N - M ) ! M !  exp[(M - ~ ) V , P J  
J=,,,,," (S - M - j ) ! ( N  - -j)!j!(A4 - j ) !  

The number of particles removed per second w is then given by 

w = 3Viibja2r (6) 
where 3 is the gas flow rate and r is the mean bubble radius. 
In Fig. 2 are plotted values of iib vs V0B for constant A4 (bound layer 

thickness), constant s /N (initial concentration of Roc particles), and varying 
N (essentially the thickness of the liquid layer from which floc particles may 
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92 WILSON AND WILSON 

FIG. 2. Effect of varying Nat constant concentration. For all runs M = 4. From 
top to bottom, values of Nand s are, respectively, 50 and 10,40 and 8, 30 and 

6, 20 and 4, and 10 and 2. 

be drawn). We see that saturation of the bound layer occurs somewhere in 
the vicinity of V,$ = 3 to 5. Also, as N increases, we see that the sequence 
of curves rapidly approaches a limit, and it is evident that the results for 
N = 40 to 50 are very close to those which would be obtained in the limit 
as N - ,  00. 

The effect of varying floc particle concentration is shown in Fig. 3 for 

FIG. 3. Effect of varying s at constant N .  For the solid curves from top to 
bottom, s = IS, 10, 5; N = 50; and M = 4. For the dashed C U N ~  from top 

to bottom, s = IS, I0,5; N = 50; and M = 2. 
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ELECTRICAL ASPECTS. 111 93 

two different bound layer thicknesses. The larger the value of s (for fixed 
N and M ) ,  the larger is the value of iib, and the sooner saturation occurs 
with increasing V J .  The results of varying the thickness of the bound layer 
are exhibited by the two pairs of curves plotted in Fig. 4. In essence, the 
efficiency of removal is proportional to the bound layer thickness, as one 
would expect. 

Plots of f i b  vs s (N = 50)--essentially a concentration variable-give us 
the shape of the adsorption isotherm. These are shown in Fig. 5 for several 

r 1 .I 

1 2 3 4 5  
v, B 

FIG. 4. Effect of varying bound layer thickness. For the solid curves, s = 10, 
N = 50, and M = 4 (upper) and 2 (lower); for the dashed curves, s = 5, 

N = 50, and M = 4 (upper) and 2 (lower). 

/3 

FIG. 5. Adsorption isotherms for the simple model. N = 50 and M = 4 for d1 
curves. At constant N, s is proportional to Roc particle concentration. 
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TABLE I 
Separation Factors ( N  = 50, M = 4) 

15 
10 
5 

1 4  

1.92 
2.96 
4.85 

2.33 
4.00 
9.00 

11.50 

values of Vop. We define a separation factor, 

f = [ f i b ( v O b ) / E b ( v O b  = 011 - 
which goes to zero as the interaction causing the separation, and in terms 
of which the net excess of bound particles is given by 

Eb( v O b >  - ‘ b ( 0 )  = f f i b ( 0 )  

The separation factors can readily be computed from the data given in 
Fig. 5; some of these are listed as functions of s, the concentration variable 
(when N is fixed) in Table 1. 

We see that the separation factors generally decrease with increasing 
concentration of floc particles, a point which we have noted experimentally 
in work on ferric hydroxide flocs, and which hampers the extension of 
precipitate or adsorbing colloid flotation methods to high concentrations. 

COULOMBIC ATTRACTION 

Here we examine a Gouy-Chapman type model in which the coulombic 
attraction between the charged surface of the film and the floc particles may 
be reduced by the presence of an ionic atmosphere. We calculate the 
electric potential $(x) in the liquid as a function of the distance from the 
left surface of the film by integration of 

” - =  g [ c o s h  j? eJ/ - cosh j? e+(l)]* 
dx ealB 

8ne2NocS 
D where a, -’ = 

c = concentration of 1-1 electrolyte 
D = dielectric constant 
e = lelectronic chargel 

No = Avogadro’s Number 
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ELECTRICAL ASPECTS. 111 95 

$(I) = electric potential at midpoint of film 
I = half thickness of film 

fi = l /kT 

The calculation is outlined in our earlier paper (9) and discussed in detail 
by Verwey and Overbeek (8)  and by Devereux and de Bruyn (11) .  We then 
proceed as follows. 

We assume that a floc particle occupies a volume of u3 cm3, and we 
examine the rectangular parallelepiped of liquid extending to the right of a 
square of film surface of area uz (see Fig. 1). We assume that this volume 
contains s floc particles and that it encloses a total of N cubes of volume 
u’. We regard particles in the first M of these compartments (going from 
left to right) as being bound to the surface; M is chosen such that 
&[(M - +)a] ,< - f i - I ,  &[(A4 + +)a] > - f i - ’ ,  where g is the charge of 
a particle. We neglect the electrical interactions between the floc particles 
so that the potential energy of a given configuration of s particles is given 
by 

S 

‘(jl,jz, . . . ?is) = 4 C rl/(ii) (8) 
i= 1 

where $(j,) is the electric potential at a distance ,ji - +)a from the film 
surface. Here (ji - +)a is the distance of the ith particle from the film sur- 
face. 

The partition function of the system is then given by 

and the probability of any particular configuration [Il, I,, . . . , I,) is given 
by 

We let 

WJ) = 0 , P  > 0 
= 1,p < 0 

The number of bound particles associated with the state [Il, I,, . . . , I,) is 
given by 

S 

nb(l,,  12, . . . 1s) = C u(li - M )  (1 1) 
i= 1 
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96 WILSON AND WILSON 

Then the average number of bound particles is given by 

The number of particles removed per second is given by Eq. (6), as before. 
The electric potential was calculated and the average number of bound 

particles per area u2 of surface computed on the XDS Sigma 7 computer of 
the Vanderbilt Computer Center. A typical calculation of ii, requires about 
80 sec of machine time. 

The effect of increasing ionic strength on ii,, which is proportional to 
the separation rate, is shown in Fig. 6. The separation rate is seen to de- 
crease markedly with increasing ionic strength, as was also -noted in our 
earlier approach. Figure 7 illustrates the dependence of separation rate on 
the charge of the colloidal particles ; the expected increase of separation 
rate with increasing magnitude of charge is observed, with i i b  increasing by 
roughly one unit for each unit increase of charge magnitude. This rate of 
increase of ?ib is more rapid at higher surface potentials. 

Figure 8 shows the adsorption isotherms for two values of the surface 
potential (50 and 100 mV). The lower curve (50 mV) approaches asymptoti- 
cally a maximum value of 2.0 with increasing s; the upper curve approaches 
3.0 asymptotically. Both curves are rather similar in appearance to the 
isotherms for our simpler model shown in Fig. 5, suggesting the utility of 
the latter (use of which requires less than a tenth of the machine time 
required by the more exact approach). 

log,, c (moles/cma) 

FIG. 6. Effect of ionic strength c on separation rate, coulombic model. vi = 50 
mv, q = -1  (-4.77 x esu), (I = I O A ,  s = 4, and N = 20. 
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4 -  

3- 

2 -  

‘b 
I -  

- 

- I  -2 -3 -4 
q (units of electron charge) 

FIG. 7. Effect of floc charge on separation rate, coulombic model. (v = 50 mV, 
c = moles/cm’, u = 10 A, s = 4, and N = 20. 

100 

50 

1 2 3 4 5  
S 

FIG. 8. Adsorption isotherms for the coulombic model. (v = 100 mV (upper 
curve) and 50 mV (lower curve), u = 10 A, q = -1, c = mo1es/cm3, and 

N = 20. 

The approach outlined above is well adapted to dealing with thin films, 
but requires extremely large amounts of computer time if one wishes to 
apply it to thick films or to bubbles rising through bulk liquid. We there- 
fore examine the case of an infinitely thick film, for which N -+ 03 (see 
Fig. 1 b). We assume that the density of particles per unit cell at very large 
distances from the surface is 6, and we take the potential energy zero to be 
that of a particle a great distance from the surface. Since we can have no 
more than one particle in a given “state” (i.e., in a given cell), wc‘ mast use 
Fermi-Dirac statistics. We follow Hill (Z2) in calculating the mean number 
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98 WILSON AND WILSON 

of particles in cellj: 

nj = {exp[(V(xj) - ,u)/kTJ + I}- '  (1 3) 

where V is the potential energy and ,u the chemical potential. 
The chemical potential of the particles is calculated as follows. At 

equilibrium the chemical potential is independent of x, so it may be calcu- 
lated at large values of x where V ( x )  = 0. We consider N cells containing 
s particles, where u = s /N.  For this assembly 

N !  
s ! ( N  - s)! R =  

gives the number of possible states from which, with use of Stirling's 
formula, the entropy is given by 

The chemical potential is then given by 

so 

The average number of bound particles is then given by 
M 

j =  1 
iib = C nj 

where M is chosen such that 

V(X,) 5 -kT,  V(X,+,) > -kT 

The electric potential in the vicinity of a charged plane surface of a solu- 
tion of 1-1 electrolyte of infinite extent was first determined by Gouy and 
Chapman; the result, available in standard surface chemistry texts (I3), is 

1. (18) 
a (cosh e$p/2 + l)(cosh e$,/3/2 - 1) 

loge [ cosh eJIP/2 - l)(cosh e$,/3/2 + 1) 
x = -  

For the simple model having the potential energy function shown in 
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Fig. l(a), our result is 

if V J  is large (> 6, say), one can simplify this to obtain 

a simple Langmuir isotherm. For smaller values of Vo/3 the isotherms are 
illustrated in Fig. 9. 

Equation (17) was used to calculate adsorption isotherms at various 
values of the ionic strength (Fig. lo), temperature (Fig. l l ) ,  and surface 
potential (Fig. 12). The dependence on ionic strength and surface potential 
is what one would expect on simple physical grounds, but the nature of the 
temperature dependence is less obvious. Increasing the temperature results 
in two counteracting effects; the increased thermal energy of the particles 
tends to decrease separation efficiencies, while the more diffuse character 
of the ionic atmosphere of the surface tends to increase separation effi- 
ciencies. We see in Fig. 11 that the former effect is dominant, but that the 
temperature dependence is generally rather weak. Between 298 and 325°C 
(actually 310 and 320°C), however, there is a very marked change with 
temperature. This occurs when the number of bound compartments M 
decreases from 4 to 3, which it does discontinuously (M must be an 
integer). Evidently experimental work is needed to determine wh:ther this 
feature is real or is merely an artifact resulting from our rather simple 
model. One would expect that the range of sizes of floc particles would 

. I  2 .3 
U 

FIG. 9. Adsorption isotherms for the simple model, thick film approximation. 
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25 - 

.3 .4 .2 CT 
.I 

FIG. 10. Dependence of adsorption isotherms on ionic strength (moles/cm3) 
for the coulombic model, thick film approximation. vo = 50 mV, T = 298"K, 

q = -1, and a = 10 A. 

.3 4 .2 .I 
(r 

FIG. 11. Dependence of adsorption isotherms on temperature (OK) for the 
couiombic model, thick film approximation. v0 = 50 mV. q = -1, a = 10 A, 

and c = lo-' moles/m3. 
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6 r  

FIG. 12. Dependence of adsorption isotherms on surface potential (mV) for 
the coulombic model, thick film approximation. T = 298”K, q = - 1 ,  u = 10 

A, and c = lo-’ moles/cm’. 

tend to smooth out this sharp temperature discontinuity, and that other 
criteria for determining the number of particles being removed might 
result in the smoothing or even the removal of the discontinuity. 

In conclusion, our results yield strongly nonlinear isotherms for fairly 
concentrated systems. These suggest that calculations of foam flotation 
column efficiencies should take into account these nonlinear isotherms; we 
hope to extend the lumped parametric approach of Cannon and Lemlich 
(14) and of Kown and Wang (15) to do this. For thck films with coulombic 
interactions we find a rather weak dependence of removal rate on tem- 
perature, and generally we find increasing removal rates with increasing 
surface potential and floc particle charge, and with decreasing ionic 
strength. 
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